Equal sums of sixth powers  by Brudno, Simcha & Kaplansky, Irving
JOURNAL OF NUMBER THEORY 6, 401-403 (1974) 
Equal Sums of Sixth Powers 
SIMCHA BRUDNO 
University of Illinois Medical Center, Research Resources Laboratory, 
835 S. Wolcott, Room E6, Chicago, Illinois 60612 
AND 
IRVING KAPLANSKY 
Department of Mathematics, University of Chicago, Chicago, Illinois 60637 
Communicated by D. J. Lewis 
Received May 30, 1972 
The problem of solving x6 + y6 + z6 = u6 + vu + wB, subject to certain 
auxiliary conditions, is reduced to a single cubic. In this way some arlier known 
solutions are inserted into an infinite cyclic group lying on the cubic. 
In [l] there was given a way of producing solutions of 
x6 + y6 + 26 = 246 + v6 + w6. (1) 
These solutions also satisfied 
x2 + y2 + z2 = u2 + v2 + w2, (2) 
and 
v=y-z, w=y+z. (3) 
In effect, there was in [l] a reduction of (l)-(3) to a single quartic equation. 
This reduction can be generalized. 
Introduce four new variables a, b, p, q and set 
Y = pa + (4 - p)b, z = (4 - P>Q - pb, 
v  = (4 - ~)a + qb, w = qa - (q - p)b. 
(4) 
Then (2) and (1) become 
x2 - u2 = (q2 - ~“)(a” + b2), (5) 
x6 - u6 = (qs - p6)(ue + be) + 6Aub(u4 - b4) + 15Bu2b2(u2 + b2), (6) 
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where 
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A = (4 - Pm + PI - 62 - PW + P”), 
B = (4 - d4(qa - ~3 + (q - d2(q4 - ~3. 
If we brush aside the uninteresting possibility x2 = u2, we can divide 
(6) by (5). On the left side we then have x4 + x2u2 + u4. Now square (5) 
and subtract from the equation just obtained. The left side becomes 
3x2u2. The right side boils down to 
3p2q2(u4 + b4) + (27~~ - 90p3q + 123p2q2 - 90pqs + 2743 a2b2 
- 6(3p3q - 5p2q2 + 3pq3)(u3b - ab3). (7) 
Now, somewhat remarkably, after division by 3 the expression (7) is 
exactly the square of 
pqa2 - (3p2 - 5pq + 3q2) ab - pqb2. 
So, in sum, the nontrivial solutions of (1) and (2), after the substitution (4), 
are obtainable by solving (5) and 
xu = pqa2 - (3p2 - 5pq + 3q2) ab - pqbz. (8) 
Of course, this computation is pure algebra; it is valid over any field of 
characteristic f3. 
Very little headway has been made on the general study of the solutions 
of (5) and (8). We shall continue the discussion only for p = 0, q = 1, 
the case treated in [I J. After a harmless change of sign in (8), our two 
equations then read: 
~2 - ~2 = a2 + 62 , xu = 3ab. (9) 
We can set b = 1 by homogeneity. Then on eliminating u we find 
9 _ -&2 - 9 - 9a2 = 0. (10) 
We switch this quartic to a cubic by setting 
T = I/(x - l), w = (2T + 1) x/a. 
Then (10) becomes 
W2 = (2T + l)(10T2 + 2T + 1). (11) 
The rational points on the cubic (ll), augmented by the unique point at 
irmnity on the curve, as is well known, form an abelian group G. The 
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identity of G is the point at infinity. The point Q = (-l/2,0), given by 
T = --l/2 and W = 0, satisfies 2Q = 0. The point R = (0, 1) satisfies 
2R = Q, and so has order 4. These points are extraneous and do not 
correspond to solutions of (9). There is a known criterion [2, Theorem III, 
p. 2441 characterizing the torsion subgroup of a cubic. With its aid a 
modest computation checked that the torsion subgroup H of G is indeed 
generated by R. Write G* = G/H. Then it is easy to see that the solutions 
of (9), ignoring homogeneity, signs, and symmetry, correspond one-to-one 
with the nonzero elements of G* identified with their inverses. In other 
words, if S is a point of infinite order on the cubic (ll), then the eight 
points &:S + jR (j = 0, 1,2, 3) all yield essentially the same solution of 
(9), these are exactly the points on the cubic which do, and we get all 
solutions of (9) in this way. 
Now P = (-l/4, 3/4) is a point of infinite order on the cubic. It corre- 
sponds to the solution x = -3, a = -2 of (lo), which in turn corresponds 
to the trivial permutation solution 3, 1, 2; 2, 3, 1 of (l)-(3). It seems a 
reasonable conjecture that G is generated by R and P, so that G* is 
generated by the image of P. If this is true, it follows that the solutions 
of (l)-(3) correspond exactly to the points nP, where II runs over all the 
positive integers. 
At any rate, it has been checked that the solutions exhibited in [l] 
do correspond to suitable multiples of P; in increasing order of size they 
pair off with 2P, 3P, 4P, and 6P. The missing 5P has been computed, 
leading to 
l658O2775O76 + 1515613374626 + 230381030096 
= 179599440471s + 128523234453s + 63175337782s, 
with the analogous equation also holding for squares. 
Note added in proof. John Tate showed us how to prove that G* is generated by the 
image of P. The solution of Eqs. (l)-(3) is thus complete. 
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